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INVARIANT SOLUTIONS OF THE UNDERWATER 
ACOUSTIC WAVE EQUATION 
W. F. AMES 
School of Mathematics, Georgia Institute of Technology, Atlanta, GA 30332, U.S.A. 
Abstract--The dilatation group is applied to the cylindrically symmetric acoustic wave equation. Ad- 
missible classes of index of refraction functions are determined, which remain invariant under that group. 
Using several such functions we find exact invariant solutions of the resulting acoustic equation, and 
one numerical evaluation is made. 
1. INTRODUCTION 
A widely applicable method for determining analytic solutions of partial differential equations 
utilizes the underlying roup structure. The mathematical foundations for the determination f
the full group admitted by a system of differential equations can be found in Ames[l] and 
Bluman and Cole[2], and the general theory, in a Banach space, in Ovsiannikov[3]. In this 
paper we apply the dilatation group to the cylindrically symmetric acoustic wave equation[4]. 
I ap 02p 82P + -~ + ~ + N2(r, z)p =0,  
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(1.1) 
where p is the acoustic pressure, N(r ,  z) = kon(r, z) is the reference wave number (k0) times 
the index of refraction (n), and (r, z) are the usual space variables. 
The first step consists of the determination of those functions N(r ,  z) which permit Eq. 
(1.1) to remain invariant under the dilatation group 
r = a'~7, z = aa~, p = aV,~, anya>0.  (1.2) 
Invariants of this group are well known (Ames[l]) to be 
z p 
"q - ra'~ , f (~)  rV'" , ct = 0 (1.3) 
whence the invariant solutions are of the form 
p(r ,  z) = rV'"f(~).  (1.4) 
It is also possible to search for solutions in the alternative form o~ = r/z ~ ,  p ( r ,  z) = z '~g(to) .  
The function f(rl) satisfies a second-order o dinary differential equation in rl. For several 
functions N(r ,  z) this equation is solvable. These solutions are given in the sequel. They may 
be used as a check on numerical codes and to study asymptotic properties of F.,qn. (1.1). 
2. CANDIDATES FOR N(r, z) 
Under the action of (1.2), Eq. (1.1) becomes 
(07) 2 7 a~ (a~) 2 (2.1) 
+ N2(a°L a~'~)a'~ = O. 
Equation (2.1) is invariant if "y is arbitrary, ot = 13 and 
aZQN2(a~7, a~z) = N2(7, 5). (2.2) 
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If we set N2( -, "), = g( - ,  "), Eq. (2.2) becomes 
g(a~-i, a~:.) = a-'-~g(-i. 3). (2.3) 
To determine the function g, Eq. (2.3) is differentiated with respect o the parameter a. and 
then a is set equal to one (the group identity). This yields the first-order partial differential 
equation 
a~Og + ot20g = _2ag .  (2.4) 
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The solution of this equation is 
g(T', "~) = N:('~, 5) = F(z/-r)-r -2, (2.5t 
where F is an arbitrary function of its argument. If the index of refraction function has this 
form, then the original equation, (1.1), is invariant under the dilatation group, and the methods 
of group analysis may be employed. 
It should be noted here that alternative forms for g in (2.5) may be used. For example 
F(-Z/7)/'~ 2, F(-r/~')/~ "2 and F(~'/z)/'z 2 are three other possibilities. The choice depends upon the 
auxiliary conditions imposed upon the problem. 
3. GROUP ANALYSIS 
With an index of refraction of the form F(z / r ) / r  2, we can now proceed with the group 
analysis. The fundamental invariants for (1.2), when applied to (1.1), are rl = z / r ,  since 
et = 13, and 
p(r ,  z) = rhf( 'q) ,  (3.1) 
where h = ~/c~, ot # 0. Since ~/is arbitrary, the parameter ~. is a degree of freedom. Requiring 
p to satisfy Eq. (1.1) for the above-determined N 2 gives the ordinary differential equation 
for f 
(rl 2 + 1)f" + (1 - 2h)r l f '  + IX 2 + F(~I)lf = 0, (3.2) 
with the parameter h. 
Solutions of (3.2) are sometimes called "similar" solutions in the engineering literature, 
although we prefer the generic name "invariant" solutions. 
4. THE CASE ~ = 0 
When k is set equal to zero, Eq. (3.2) becomes 
('1"12 + 1)f" + "q f ' + F (~q )f = O . (4.1) 
A preliminary transformation 
rl = sinh~, f('q) = f ( s inh~)  = h(~) (4.2) 
results in the equation 
h" + M(~)h(~)  =- O, (4.3) 
where M(I~) = F (sinh ~). It should be remarked that M(~) -> 0. 
Exact solutions for some special cases are possible. 
Ca) M(~) = ~-~,  q ~ O. 
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In this case the exact solution is 
h(~) = ~'/2[c,J,~zq(~U/q) + c2J_,/Zq(~O/q)] 
if 1/2q is not an integer. If  1/2q is an integer, J-~/2q 
second kind, Y_ 1~2q with the same argument. 
In the original variables the solution becomes 
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(4.4i 
is replaced by the Bessel function of  the 
p(r, z) = (s inh - '  '1]) 1/2 {ctJi/2q[(sinh -1 "q)q/q] 
+ c2J_l/2q [ (s inh- '  "q)q/q]}, 
(4.5) 
and 
Js ~ "X/2/rtx cos (x - rr /4 - s'tr/2) 
Y, - ~ sin (x - ~/4  - nrt/2). 
(b) M(~) = ~-2. 
In this case the exact solution is 
h(,) = N/~[c lcos ( -~ ln~)  + c2s in ( -~ ln~) ] ,  (4.6) 
and in the original variables, 
c~cos In s inh -~ (4.7) 
where ~1 = z/r .  
(c) M(~) = (0~ + 6) -4 . 
The transformation k(t) = h(~), t = 0~ + ~ reduces (4.3) to 027k '' + k = 0. Then the 
solution of (4.3) is 
h(~) = ~ c~cos + c, sin 
where ~ = s inh-t  .q. 
(d) M(~) = (b~-" + b - 3)/4(~-" + 1) 2, b > 0. 
(4.8) 
for small values of x. For  large values of x, 
J~ ~ 2-'xS/F(s - 1), J - s  ~ 2 'x -VF( -s  - 1) 
Y, ~ -2" (n  - 1)!x-"/~r (n ~ O) 
where "q = z/r. 
The known asymptot ic properties o f J ,  J_s and Y, permit us to induce asymptot ic properties 
on p. For  example,  it is well known that 
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For b > 1 the solution is 
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h(O = (~2 + 1)1~4 (cl cos X + c2 sin X), (4.9) 
X = ½ "~,/b - l ln(~ + "X/~-' + 1), 
and, fo r0<b< 1, 
h(~) = (~2 + 1)l/4(ClCOShX + czs inhX),  
(e)M(~) = a/(~ 2 + 1) z. 
X = ½~/1 - b ln (~ + ~f~- + 1). 
(4.10) 
The solution now takes several forms, depending upon the properties of a. Thus 
h(~) fc l  cos (ct tan -~ ~) + c2 sin (et tan -1 ~) 
(~2 + 1)1/2 = l c l  cosh (et tan -I ~) + c2 sinh (et tan -I ~) 
c~ + cz tan -~ 
(f) M(~) = a/(~ 2 - 1) 2 . 
fo ra  + i = a-' > 0, 
fo ra  + 1 = -e t :  < 0, 
fo ra  = -1 .  
In this case the solution also takes several forms, depending upon the properties of a. Then 
h(,~) = 
(1~ 2 -  l l ) ' /2 [c~cos(et ln  ~_  + 111 )
~ + 1 ~-in ~ + 1 
(~+ 1) c, ~-  1 +c2  
(ct + cz ~ + 1 '1) 
+ c,-sin(otln -~S--~ / ] 
for a - 1 = 4et-' > 0, 
-ct- 1~21 
fo ra  - 1 = -4ec '  < O, 
fo ra= 1. 
5. THE CASE k = 1/2 
In this case the solution for p is p(r, z) = r t'2 f('q), where f satisfies the equation 
f" + G(~)f = 0, (5.1) 
and G('q) = (1 + 4F('q))/4(-q 2 + 1). All the cases of Section 4 may be used here, when M 
is replaced by G and ~ by ~. The corresponding index of refraction is then obtained by solving 
for F('q) and dividing by r2-- i .e. 
F(~I) 1 [4(-q: + l )G( r l ) -  1]. (5.2) NZ(r, z) = r --'S- = 47  
6. ARBITRARY k 
For arbitrary k there may be special cases of F(xl) for which exact solutions of Eqn. (3.2) 
are available. But, in general, the solutions can only be expressed, at best, in terms of series. 
7. A NUMERICAL CASE 
For Eq. (5.1) with G(~) = ('q + 1) -4, the solution of f(rl) is 
f('q) = "q c~cos + c2sin . /7.1) 
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Fig. 1. Pressure [from Eq. (7.3)]. 
t ,  d r~ 
The corresponding index of refraction is 
= I +1 . N2(r , z )  ~ {4[(Zr)2 I ( zr + 1 ) -+-1}  (7.2) 
The pressure, in turn, has the solution 
[ p( r , z )  = r ~ = zr  -~n c~ cos  + c2sin . (7.3) 
Figure 1 shows the pressure for selected values of z as a function of r, with ct = c2 = 1. 
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